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In this paper, we analyze for stability the problem of planar vibrational motion of a satellite about 
its centre of mass. The satellite is dynamically symmetric whose center of mass is moving in a 
circular orbit. The in-plane motion is a simple pendulum-like motion in which the axis of symmetry 
of the satellite remains in the orbital plane. It is expressed in terms of elliptic functions of time. 
Using Routh’s equations we study the orbital stability of planar vibrations of the satellite, in the 
sense that the stable in-plane motions remain under perturbation very near to the orbital plane. 
The linearized equation for the out-of-plane motion takes the form of a Hill’s equation. Detailed 
analysis of stability using Floquet theory is performed analytically and numerically. Zones of 
stability and instability are illustrated graphically in the plane of the two parameters of the 





Suppose that the satellite is a dynamically symmetric rigid body and its center of mass moves in a 
circular orbit. A possible solution of the equations of motion represents what is called in-plane 
motion. That is a pendulum-like motion in which the axis of symmetry of the satellite remains all 
the time in the orbital plane (see e.g. [1]). The aim of this paper is to study the stability of the 
planar periodic motion, in particular, the stability of vibration motion. Markeev [2] was the first to 
study the problem in the above formulation. He studied the orbital stability of the planar periodic 
motion for dynamically symmetric satellite whose polar axis of the ellipsoid of inertia is shorter than 
the equatorial ones. But, digrams of stability contained some imperfections because of low 
accuracy of numerical calculations. Akulenko, Nesterov and Shmatkov [3] pointed out these 
imperfections. Markeev and Bardin [4] studied the problem of stability of the planer periodic 
motions in the nonlinear setting using the normal forms of Birkhoff. Such analysis can be 
performed only numerically. 
In this paper, we study the stability of plane vibrational motions of a satellite in a circular 
orbit. The problem is reduced to a form of Hill’s equation, i.e. a single second-order linear 
differential equation with a periodic coefficient. It turned out that this equation is a generalization 
of Lame’s equation of the first rank. To deal with this equation we combine Floquet theory [6] with 
the method devised by Ince for Lame’s equation, which consists in finding primitive periodic 
solutions in the form of Fourier series expansions. Point sets in the space of parameters, 
corresponding to those solutions separate zones of stability and instability. We obtain a detailed 
picture of those zones, analytically and in a purely numerical treatment. Both analyses are in 
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where ࢝  the absolute angular velocity of the satellite and V its potential function in the 
gravitational field of Earth. A normally acceptable approximate form (see e.g. Beletskii [1]) is: 
ࢂ ൌ ૜ஜ૛ࡾ૜ ࢻ۷Ǥ ࢻ ൌ
૜
૛π૛ࢻ۷Ǥ ࢻ          (3) 
Substituting (2) and (3) in (1) we get  
ࡸ ൌ ૚૛ ൫࡭࢖૛ ൅ ࡮ࢗ૛ ൅ ࡯࢘૛൯ ൅ ሺ࡭࢖ࢽ૚ ൅ ࡮ࢗࢽ૛ ൅ ࡯࢘ࢽ૜ሻ ൅
π૛
૛ ሺࢽ۷Ǥ ࢽ ൅ ૜ࢻ۷Ǥ ࢻሻ   (4) 
The equation of motion of the satellite relative to the orbital frame, corresponding to the 
Lagrangian can be written in the Euler-Poisson form [5]: 
ࡳሶ ൅ ࣓ ൈ ൫ࡳ െ ૛πࢽ۷൯ ൌ ૜πଶࢻ ൈ ࢻ۷ െ πଶࢽ ൈ ࢽࡵ 
ࢻሶ ൅ ࣓ ൈ ࢻ ൌ Ͳǡ ࢼሶ ൅ ࣓ ൈ ࢼ ൌ Ͳǡࢽሶ ൅ ࣓ ൈ ࢽ ൌ Ͳ                 (5) 
where۷ ൌ ଵଶ ሺܶݎ۷ሻߜ െ ۷. This system admits Jacobi's integral 
ቀଵଶቁ࣓۷Ǥ࣓ ൅
πమ
ଶ ሺ͵ࢻ۷Ǥ ࢻ െ ࢽ۷Ǥ ࢽሻ ൌ ݄      (6) 
It was noted in [5] that this system of equations (6) of motion of the satellite on a circular 
orbit is form-equivalent to the equations of motion of an electrically charged rigid body about a 
fixed point of it, while acted upon by gravitational, electric and magnetic fields. The system (5) 
admits a simple solution, which represents motion of the satellite with two of its principal axes 
always in the orbital plane and the third orthogonal to it. Let the last axis be the ࢞ െaxis. It is not 
hard to see that this solution is 
࣓ ൌ ࣓ࢽǡ࣓ ൌ ࣒ሶ ǡ 
ࢻ ൌ ሺ૙ǡ ࢉ࢕࢙࣒ǡ ࢙࢏࢔࣒ሻǡࢼ ൌ ሺ૙ǡെ࢙࢏࢔࣒ǡ ࢉ࢕࢙࣒ሻǡࢽ ൌ ሺ૚ǡ ૙ǡ ૙ሻ 
When ሶ߰ ൌ Ͳ the satellite takes the relative equilibrium position with one of its axes directed to 
the Earth’s centre and another directed along the tangent to the orbit. In general we have two 
types of motion: vibration and rotation. Each is centered about one of the equilibrium positions. 
This occurs according to the ratio ߙ ൌ ஼஺ of moment of inertia of the satellite, restricted by the 
triangle inequality to the interval [0, 2]. The subinterval 
Ͳ ൏ ߙ ൏ ͳ corresponds to the case ܥ ൏ ܣ ൌ ܤ  
ͳ ൏ ߙ ൏ ʹ to the caseܥ ൐ ܣ ൌ ܤ . 
For the first case the satellite is moving around the tangent of the orbital plane and the 
second cases the satellite is moving aroundࡻࡻᇱ. 
 
2.2 Equation of motion 
 
We may express the Lagrangian of the problem in the form: 
ܮ ൌ ͳʹܣሺ݌
ଶ ൅ ݍଶሻ ൅ ͳʹܥݎ
ଶ ൅ πሾܣሺ݌ߛଵ ൅ ݍߛଶሻ ൅ ܥݎߛଷሿ ൅
πଶ
ʹ ሾܣሺߛଵ
ଶ ൅ ߛଶଶሻ 
൅ܥߛଷଶ ൅ ሺܥ െ ܣሻሺͳ െ ͵ߙଷଶሻሿ                       (7) 
Case i (Ͳ ൏ ߙ ൏ ͳ ): 
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ߠᇱᇱ ൅ ሾߖᇱଶ ൅ ͳ ൅ ʹߖᇱ ൅ ͵ሺͳ െ ߙሻ െ ͵ሺͳ െ ߙሻ ଶ ߖሿߠ ൌ ͲሺͲ ൏ ߙ ൏ ͳሻ    (32) 
ߠᇱᇱ ൅ ሾ߰ᇱଶ ൅ ͳ ൅ ʹ߰ᇱ െ ͵ሺߙ െ ͳሻ ଶ ߰ሿߠ ൌ Ͳሺͳ ൏ ߙ ൏ ʹሻ    (33)  
Let ݓ ൌ ඥ͵ሺͳ െ ߙሻ߬ andߖ ൌ ܽ݉ሺݓሻ. Using (26) and (32) we get 
ௗమఏ
ௗ௪మ ൅ ቂͳ ൅ ߥଵଶ ൅
ଵ
ଷሺଵିఈሻ െ ʹߥଵଶݏ݊ଶሺݓǡ ߥଵሻ ൅ మഌభඥయሺభషഀሻܿ݊ሺݓǡ ߥଵሻቃ ߠ ൌ Ͳ               (34)                 
In trigonometric form with  ߖ ൌ ߥଵ ߚ  
ሺͳ െ ߥଵଶ ଶ ߚሻ
݀ଶߠ
݀ߚଶ െ ߥଵ
ଶ  ߚ  ߚ ݀ߠ݀ߚ ൅ ሺͳ ൅ ߥଵ
ଶ ൅ ͳ͵ሺͳ െ ߙሻ െ ʹߥଵ
ଶ ଶ ߚ 
൅ మഌభඥయሺభషഀሻ  ߚሻߠ ൌ Ͳ                                            (35) 
This equation can be transformed to hill's equation as follow: 
Let ߠ ൌ ݂݃ 
݃ᇱᇱ ൅ ቂ ଷఔభర ୱ୧୬మ ଶఉଵ଺ሺଵିఔభమ ୱ୧୬మ ఉሻమ ൅
మశయቀమశయഌభమ ౙ౥౩ మഁቁሺభషഀሻశరഌభඥయሺభషഀሻ ౙ౥౩ഁ
లሺభషഀሻ൫భషഌభమ ౩౟౤మ ഁ൯
ቃ ݃ ൌ Ͳ               (36) 
When   ݓ ൌ ඥ͵ሺߙ െ ͳሻ߬ and ߰ ൌ ܽ݉ሺݓሻ then use equations (30) and (33) to get  
ௗమఏ
ௗ௪మ ൅ ቂߥଶଶ ൅
ଵ
ଷሺఈିଵሻ െ ʹߥଶଶݏ݊ଶሺݓǡ ߥଶሻ ൅ మഌమඥయሺഀషభሻܿ݊ሺݓǡ ߥଶሻቃ ߠ ൌ Ͳ     (37) 
We will use the same previous method to get the trigonometric form 
߰ ൌ ߥଶ  ߚ Ƭ߰ᇱ ൌ ξ݄ܿ݋ݏߚ 
ሺͳ െ ߥଶଶ ଶ ߚሻ
݀ଶߠ
݀ߚଶ െ ߥଶ
ଶ  ߚ  ߚ ݀ߠ݀ߚ ൅ ሺߥଶ
ଶ ൅ ͳ͵ሺߙ െ ͳሻ െ ʹߥଶ
ଶ ଶ ߚ 
൅ మഌమඥయሺഀషభሻ  ߚሻߠ ൌ Ͳ                               (38) 
Transform it to Hill's equation  
݃ᇱᇱ ൅ ቂ ଷఔమర ୱ୧୬మ ଶఉଵ଺ሺଵିఔమమ ୱ୧୬మ ఉሻమ ൅
మశవഌమమሺഀషభሻ ౙ౥౩ మഁశరഌమඥయሺഀషభሻ ౙ౥౩ഁ
లሺഀషభሻ൫భషഌమమ ౩౟౤మ ഁ൯
ቃ ݃ ൌ Ͳ                   (39) 
The equations (36 & 39) are periodic with periods ʹߨ  and Ͷߨ  and depend on two 
parametersሺߙǡ ߰଴ሻ. In the following subsection we deduce the equations of the boundaries between 
zones of stability and instability in the plane of those parameters. 
 
4.2 The stability of vibration motion analytically and numerically 
 
Using Floquet's theorem we will study the stability of equation (35) both analytically and 
numerically. For simplicity we write the equation in the form 
ሺͳ െ ߥଵଶ ଶ ߚሻ ௗ
మఏ
ௗఉమ െ ߥଵଶ  ߚ  ߚ
ௗఏ
ௗఉ ൅ ሺܾ െ ʹߥଵଶ ଶ ߚ ൅ ݀  ߚሻߠ ൌ Ͳ        (40) 
ܾ ൌ ͳ ൅ ߥଵଶ ൅
ͳ
͵ሺͳ െ ߙሻ 
݀ ൌ ʹߥଵඥ͵ሺͳ െ ߙሻ 
and equation (38) in the form   
ሺͳ െ ߥଶଶ ଶ ߚሻ ௗ
మఏ
ௗఉమ െ ߥଶଶ  ߚ  ߚ
ௗఏ
ௗఉ ൅ ሺܾଵ െ ʹߥଶଶ ଶ ߚ ൅ ݀ଵ ߚሻߠ ൌ Ͳ       (41)  
ܾଵ ൌ ߥଶଶ ൅
ͳ
͵ሺߙ െ ͳሻ 
݀ଵ ൌ ଶఔమඥଷሺఈିଵሻ 
and the non-trivial periodic solutions of equation (40) are: 
 
4.2.1 Odd ૛࣊ periodic solution: 
 
Such solution can be expressed as a Fourier series: 
E-ISSN 2281-4612 
ISSN 2281-3993        
Academic Journal of Interdisciplinary Studies
Published by MCSER-CEMAS-Sapienza University of Rome      
                                     Vol 2 No 6 
                                August 2013 
 
 
  134 
ߠ ൌ σ ܣ௡ஶ௡ୀ଴  ݊ߚ                                       (42) 
Substitution from (42) in (40), yields the following recurrence relations for coefficientsܣ௡  
ሺܾ െ ͳ െ ߥଵଶሻܣଵ ൅
݀
ʹ ܣଶ െ ߥଵ
ଶܣଷ ൌ Ͳ 
݀






ଶܣସ ൌ Ͳ 
݀








ଶܣହ ൌ Ͳ 
For݊ ൒ ʹ  
െ݊ሺʹ݊ െ ͵ሻʹ ߥଵ
ଶܣଶ௡ିଶ ൅
݀
ʹ ܣଶ௡ିଵ ൅ ሺܾ െ Ͷ݊
ଶ ൅ ሺʹ݊ଶ െ ͳሻߥଵଶሻܣଶ௡ ൅
݀
ʹ ܣଶ௡ାଵ 
െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଵ
ଶܣଶ௡ାଶ ൌ Ͳ 
െ݊ሺʹ݊ െ ͳሻ െ ͳʹ ߥଵ
ଶܣଶ௡ିଵ ൅
݀
ʹ ܣଶ௡ ൅ ቆܾ െ ሺʹ݊ ൅ ͳሻ






ଶ ߥଵଶܣଶ௡ାଷ ൌ Ͳ                                 (43)  
For the second case the solution in a Fourier series gives the recurrence relations for 
coefficients ܣ௡ in the form 
ሺܾଵ െ ͳ െ ߥଶଶሻܣଵ ൅
݀ଵ
ʹ ܣଶ െ ߥଶ
ଶܣଷ ൌ Ͳ 
݀ଵ






ଶܣସ ൌ Ͳ 
݀ଵ








ଶܣହ ൌ Ͳ 
For݊ ൒ ʹ  
െ݊ሺʹ݊ െ ͵ሻʹ ߥଶ
ଶܣଶ௡ିଶ ൅
݀ଵ
ʹ ܣଶ௡ିଵ ൅ ሺܾଵ െ Ͷ݊
ଶ ൅ ሺʹ݊ଶ െ ͳሻߥଶଶሻܣଶ௡ ൅
݀ଵ
ʹ ܣଶ௡ାଵ 
െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଶ
ଶܣଶ௡ାଶ ൌ Ͳ 
െ௡ሺଶ௡ିଵሻିଵଶ ሺʹ݊ଶ െ ͳሻߥଶଶܣଶ௡ିଵ ൅
ௗభ






ଶ ߥଶଶܣଶ௡ାଷ ൌ Ͳ                                           (44) 
 
4.2.2 Even ૛࣊ -periodic solution 
 
Seeking a solution of the form 
ߠ ൌ σ ܤ௡ஶ௡ୀ଴  ݊ߚ                                      (45) 
the substitution in equation (40) yields the recurrence relations for coefficients ܤ௡: 
ሺܾ െ ߥଵଶሻܤ଴ ൅
݀
ʹ ܤଵ ൌ Ͳ 
݀ܤ଴ ൅ ሺܾ െ ͳሻܤଵ ൅
݀
ʹ ܤଶ െ ߥଵ
ଶܤଷ ൌ Ͳ 
ߥଵଶܤ଴ ൅
݀






ଶܤସ ൌ Ͳ 
݀








ଶܤହ ൌ Ͳ 
For݊ ൒ ʹ  
െ݊ሺʹ݊ െ ͵ሻʹ ߥଵ
ଶܤଶ௡ିଶ ൅
݀
ʹ ܤଶ௡ିଵ ൅ ሺܾ െ Ͷ݊
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െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଵ
ଶܤଶ௡ାଶ ൌ Ͳ 
െ݊ሺʹ݊ െ ͳሻ െ ͳʹ ߥଵ
ଶܤଶ௡ିଵ ൅
݀
ʹ ܤଶ௡ ൅ ቆܾ െ ሺʹ݊ ൅ ͳሻ






ଶ ߥଵଶܤଶ௡ାଷ ൌ Ͳ                                    (46) 
The recurrence relations for coefficientsܤ௡for the second case  
ሺܾଵ െ ߥଶଶሻܤ଴ ൅
݀ଵ
ʹ ܤଵ ൌ Ͳ 
݀ଵܤ଴ ൅ ሺܾଵ െ ͳሻܤଵ ൅
݀ଵ
ʹ ܤଶ െ ߥଶ
ଶܤଷ ൌ Ͳ 
ߥଶଶܤ଴ ൅
݀ଵ






ଶܤସ ൌ Ͳ 
݀ଵ








ଶܤହ ൌ Ͳ 
For݊ ൒ ʹ  
െ݊ሺʹ݊ െ ͵ሻʹ ߥଶ
ଶܤଶ௡ିଶ ൅
݀ଵ
ʹ ܤଶ௡ିଵ ൅ ሺܾଵ െ Ͷ݊
ଶ ൅ ሺʹ݊ଶ െ ͳሻߥଶଶሻܤଶ௡ ൅
݀ଵ
ʹ ܤଶ௡ାଵ 
െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଶ
ଶܤଶ௡ାଶ ൌ Ͳ 
െ݊ሺʹ݊ െ ͳሻ െ ͳʹ ߥଶ
ଶܤଶ௡ିଵ ൅
݀ଵ
ʹ ܤଶ௡ ൅ ቆܾଵ െ ሺʹ݊ ൅ ͳሻ






ଶ ߥଶଶܤଶ௡ାଷ ൌ Ͳ                        (47) 
 
4.2.3 Even Ͷߨ -periodic solution 
 
The solution in this case has the form  
ߠ ൌ σ ܥ௡ஶ௡ୀ଴  ݊ߚ ൅ σ ௡ܹஶ௡ୀ଴ ൫݊ ൅ భమ൯ߚ                 (48) 
Substitution in equation (40) yields the recurrence relations for coefficientsܥ௡and  ௡ܹ 
ሺܾ െ ߥଵଶሻܥ଴ ൅
݀
ʹ ܥଵ ൌ Ͳ 
݀ܥ଴ ൅ ሺܾ െ ͳሻܥଵ ൅
݀
ʹ ܥଶ െ ߥଵ
ଶܥଷ ൌ Ͳ 
ߥଵଶܥ଴ ൅
݀






ଶܥସ ൌ Ͳ 
݀








ଶܥହ ൌ Ͳ 





ଶ൰ ଴ܹ ൅ ሺ
ͷ
ͳ͸ ߥଵ
ଶ ൅ ݀ʹሻ ଵܹ െ
͹
ͳ͸ ߥଵ














ଶ ଷܹ ൌ Ͳ 
For݊ ൒ ʹ  
െ݊ሺʹ݊ െ ͵ሻʹ ߥଵ
ଶܥଶ௡ିଶ ൅
݀
ʹ ܥଶ௡ିଵ ൅ ሺܾ െ Ͷ݊
ଶ ൅ ሺʹ݊ଶ െ ͳሻߥଵଶሻܥଶ௡ ൅
݀
ʹ ܥଶ௡ାଵ 
െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଵ
ଶܥଶ௡ାଶ ൌ Ͳ 
െ݊ሺʹ݊ െ ͳሻ െ ͳʹ ߥଵ
ଶܥଶ௡ିଵ ൅
݀
ʹ ܥଶ௡ ൅ ቆܾ െ ሺʹ݊ ൅ ͳሻ





݊ሺʹ݊ ൅ ͷሻ ൅ ʹ
ʹ ߥଵ
ଶܥଶ௡ାଷ ൌ Ͳ 
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െሺʹ݊ െ ͷሻሺʹ݊ ൅ ͳሻͳ͸ ߥଵ
ଶ ௡ܹିଶ ൅
݀
ʹ ௡ܹିଵ ൅ ቆܾ െ
ሺʹ݊ ൅ ͳሻଶ
Ͷ ൅





ଵ଺ ߥଵଶ ௡ܹାଶ ൌ Ͳ                           (49) 
And for second case the recurrence relations for coefficients ܥ௡and  ௡ܹ 
ሺܾଵ െ ߥଶଶሻܥ଴ ൅
݀ଵ
ʹ ܥଵ ൌ Ͳ 
݀ଵܥ଴ ൅ ሺܾଵ െ ͳሻܥଵ ൅
݀ଵ
ʹ ܥଶ െ ߥଶ
ଶܥଷ ൌ Ͳ 
ߥଶଶܥ଴ ൅
݀ଵ






ଶܥସ ൌ Ͳ 
݀ଵ
















ଶ൰ ଴ܹ ൅ ሺ
ͷ
ͳ͸ ߥଶ
ଶ ൅ ݀ଵʹ ሻ ଵܹ െ
͹
ͳ͸ ߥଶ














ଶ ଷܹ ൌ Ͳ 
For݊ ൒ ʹ  
െ݊ሺʹ݊ െ ͵ሻʹ ߥଶ
ଶܥଶ௡ିଶ ൅
݀ଵ
ʹ ܥଶ௡ିଵ ൅ ሺܾଵ െ Ͷ݊
ଶ ൅ ሺʹ݊ଶ െ ͳሻߥଶଶሻܥଶ௡ ൅
݀ଵ
ʹ ܥଶ௡ାଵ 
െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଶ
ଶܥଶ௡ାଶ ൌ Ͳ 
െ݊ሺʹ݊ െ ͳሻ െ ͳʹ ߥଶ
ଶܥଶ௡ିଵ ൅
݀ଵ
ʹ ܥଶ௡ ൅ ቆܾଵ െ ሺʹ݊ ൅ ͳሻ





݊ሺʹ݊ ൅ ͷሻ ൅ ʹ
ʹ ߥଶ
ଶܥଶ௡ାଷ ൌ Ͳ 
െሺʹ݊ െ ͷሻሺʹ݊ ൅ ͳሻͳ͸ ߥଶ
ଶ ௡ܹିଶ ൅
݀ଵ
ʹ ௡ܹିଵ ൅ ቆܾଵ െ
ሺʹ݊ ൅ ͳሻଶ
Ͷ ൅





ଵ଺ ߥଶଶ ௡ܹାଶ ൌ Ͳ                      (50) 
 
4.2.4 Odd ૝࣊ -periodic solution 
 
Assuming such solution in the form 
ߠ ൌ σ ܩ௡ஶ௡ୀ଴  ݊ߚ ൅ σ ܪ௡ஶ௡ୀ଴ ሺ݊ ൅ భమሻߚ                    (51) 
Substitution in (40) yields the following recurrence relations for coefficients ܩ௡and ܪ௡ǣ 
ሺܾ െ ͳ െ ߥଵଶሻܩଵ ൅
݀
ʹ ܩଶ െ ߥଵ
ଶܩଷ ൌ Ͳ 
݀






ଶܩସ ൌ Ͳ 
݀








ଶܩହ ൌ Ͳ 



























ଶܪଷ ൌ Ͳ 
For݊ ൒ ʹ : 
െ݊ሺʹ݊ െ ͳሻ െ ͳʹ ߥଵ
ଶܩଶ௡ିଵ ൅
݀
ʹ ܩଶ௡ ൅ ቀܾ െ ሺʹ݊ ൅ ͳሻ
ଶ ൅ ሺଶ௡ାଵሻమିଶଶ ߥଵଶቁܩଶ௡ାଵ ൅
݀
ʹ ܩଶ௡ାଶ 
െ݊ሺʹ݊ ൅ ͷሻ ൅ ʹʹ ߥଵ
ଶܩଶ௡ାଷ ൌ Ͳ 
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െ݊ሺʹ݊ െ ͵ሻʹ ߥଵ
ଶܩଶ௡ିଶ ൅
݀
ʹ ܩଶ௡ିଵ ൅ ሺܾ െ Ͷ݊
ଶ ൅ ሺଶ௡మିଵሻߥଵଶሻܩଶ௡ ൅
݀
ʹ ܩଶ௡ାଵ 
െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଵ
ଶܩଶ௡ାଶ ൌ Ͳ 
െሺʹ݊ െ ͷሻሺʹ݊ ൅ ͳሻͳ͸ ߥଵ
ଶܪ௡ିଶ ൅
݀
ʹܪ௡ିଵ ൅ ቆܾ െ
ሺʹ݊ ൅ ͳሻଶ
Ͷ ൅





ଵ଺ ߥଵଶܪ௡ାଶ ൌ Ͳ                        (52) 
For second case the recurrence relations for coefficients ܩ௡and ܪ௡ are : 
ሺܾଵ െ ͳ െ ߥଶଶሻܩଵ ൅
݀ଵ
ʹ ܩଶ െ ߥଶ
ଶܩଷ ൌ Ͳ 
݀ଵ






ଶܩସ ൌ Ͳ 
݀ଵ






































ଶܪଷ ൌ Ͳ 
 
For݊ ൒ ʹ : 
െ݊ሺʹ݊ െ ͳሻ െ ͳʹ ߥଶ
ଶܩଶ௡ିଵ ൅
݀ଵ
ʹ ܩଶ௡ ൅ ቆܾଵ െ ሺʹ݊ ൅ ͳሻ





݊ሺʹ݊ ൅ ͷሻ ൅ ʹ
ʹ ߥଶ
ଶܩଶ௡ାଷ ൌ Ͳ 
െ݊ሺʹ݊ െ ͵ሻʹ ߥଶ
ଶܩଶ௡ିଶ ൅
݀ଵ
ʹ ܩଶ௡ିଵ ൅ ሺܾଵ െ Ͷ݊
ଶ ൅ ሺʹ݊ଶ െ ͳሻߥଶଶሻܩଶ௡ ൅
݀ଵ
ʹ ܩଶ௡ାଵ 
െ݊ሺʹ݊ ൅ ͵ሻʹ ߥଶ
ଶܩଶ௡ାଶ ൌ Ͳ 
െሺʹ݊ െ ͷሻሺʹ݊ ൅ ͳሻͳ͸ ߥଶ
ଶܪ௡ିଶ ൅
݀ଵ
ʹ ܪ௡ିଵ ൅ ቆܾଵ െ
ሺʹ݊ ൅ ͳሻଶ
Ͷ ൅





ଵ଺ ߥଶଶܪ௡ାଶ ൌ Ͳ                      (53) 
The systems of equations (43,46,49,52) and also (44 , 47, 50, 53) are homogeneous infinite 
systems. The boundary curves can be drawn by solving the determinately equations. We shall 
study the stability and instability zones in the plane of parametersߙ,߰଴ where߰଴is the amplitude 
of vibrations ሺߥ ൌ ߰଴ሻ. 
 
4.3 Numerical and analytical diagrams of stability 
 
Let the symbols ௦ܹǡ ܩ௦ denote the (s) zones of stability and instability respectively. The zones of 









 whose equations describe the 
distribution of eigen-values for boundary problems of periods π2  , π4 . We shall draw these 
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